In this paper, we study the existence of solutions for a new class of boundary value problems for nonlinear multi-term fractional differential inclusions. Our main result relies on the multi-valued form of Krasnoselskii's fixed point theorem. An illustrative example is also presented.
Introduction and preliminaries
In this paper we study the existence of solutions for the following multi-term fractional differential inclusions: For a normed space (X, · ), let P cl (X) = {Y ∈ P(X) : Y is closed}, P b (X) = {Y ∈ P(X) : Y is bounded}, P cp (X) = {Y ∈ P(X) : Y is compact}, and P cp,cv (X) = {Y ∈ P(X) : Y is compact and convex}, P b,cl,cv (X) = {Y ∈ P(X) : Y is bounded, closed, and convex}. A multi-valued map G :
is relatively compact for every B ∈ P b (X). If the multi-valued map G is completely continuous with nonempty compact values, then G is u.s.c. if and only if G has a closed graph, i.e., u n → u * , y n → y * , y n ∈ G(u n ) imply y * ∈ G(u * ). G has a fixed point if there is x ∈ X such that x ∈ G(x). The fixed point set of the multi-valued operator G will be denoted by
Consider the Pompeiu-Hausdorff metric
for all |u  |, . . . , |u k+ | ≤ ρ and for almost all t ∈ J [, ]. Define the set of selections of F and G at u ∈ C(J, R) by
and
for almost all t ∈ J. If F is an arbitrary multifunction, then it has been proved that
The graph of a function F is the set Gr(
. The graph Gr(F) of F : X → P cl (Y ) is said to be a closed subset of X × Y , if for every sequence {u n } n∈N ⊂ X and {y n } n∈N ⊂ Y , when n → ∞, u n → u  , y n → y  , and y n ∈ F(u n ), then
We will use the following lemmas and theorem in our main result.
if F is completely continuous and has a closed graph, then it is upper semi-continuous.
Then the operator
is a closed graph operator. 
Main results
Now, we are ready to prove our main result.
is a Banach space [] . We need the following auxiliary lemma. See also [, ] .
and vice versa, where
Proof It is well known that the solution of equation c D α u(t) = y(t) can be written as
where c  , c  , c  ∈ R. Then we get
By using the boundary value conditions, we obtain c  =  and
Substituting the values of c  , c  , and c  in (.) we get (.). Conversely, applying the operator c D α on (.) and taking into account (.), it follows
. From (.) it is easily to verify that the boundary conditions u() = ,
This establishes the equivalence between (.) and (.). The proof is completed.
if it satisfies the boundary value conditions
Remark . For the sake of brevity, we set
and, for each i = , . . . , k,
Also in the following we use the notation x ∞ = sup{|x(t)| : t ∈ J}.
Theorem . Suppose that:
. . . , z k ) is measurable and Proof We define the subset Y of X by Y = {u ∈ X : u ≤ M}, where
It is clear that Y is closed, bounded, and convex subset of Banach space X. We define the multi-valued operators A, B : Y → P(X) such that for some v ∈ S F,u ,
and for some v  ∈ S G,u ,
In this way, the fractional differential inclusion (.)-(.) is equivalent to the inclusion problem u ∈ Au + Bu. We show that the multi-valued operators A and B satisfy the conditions of Theorem . on Y .
First, we show that the operators A and B define the multi-valued operators A, B : Y → P cp,cv (X). First we prove that A is compact-valued on Y . Note that the operator A is equivalent to the composition L • S F , where L is the continuous linear operator on
Suppose that u ∈ Y is arbitrary and let {v n } be a sequence in S F,u . Then, by definition of
is compact for all t ∈ J, there is a convergent subsequence of {v n (t)} (we denote it by {v n (t)} again) that converges in measure to some
In order to show that the convergence is uniform, we have to show that {L(v n )} is an equi-continuous sequence. Let t  , t  ∈ J with t  < t  . Then we have
.
Continuing this process, we have
and, finally, for
We see that the right-hand sides of the above inequalities tend to zero as t  → t  . Thus, the sequence {L(v n )} is equi-continuous and by using the Arzelá-Ascoli theorem, we see that there is a uniformly convergent subsequence. So, there is a subsequence of {v n } (we denote it again by
Since F has convex values, S F,u is convex and λf
Consequently, A is convex-valued. Similarly, B is compact and convex-valued. Here, we show that
for almost all t ∈ J. Hence, we get
,
Now, we show that the operator B is compact on Y . To do this, it is enough to prove that B(Y ) is uniformly bounded and equi-continuous in X. Let z ∈ B(Y ) be arbitrary. For some u ∈ Y , choose v  ∈ S G,u such that
Hence, On the other hand, we can easily check that, for every x i , y i , z i , v i , w i ∈ R (i = , ), 
